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Fig. 3. The radial profile (25) of the linear density contrast
!Lq! of the saddle point of the action S[!L(q)]. We show the
profiles obtained with a !CDM cosmology for the masses
M = 1011, 1012, 1013, 1014 and 1015h!1M". A larger mass
corresponds to a lower ratio !Lq!/!Lq at large radii q#/q > 1.

Eulerian radii associated with the nonlinear density con-
trast !r). Thus, the radii q# and r# are related by

q#3 = (1 + !r!) r#3, with !r! = F(!Lq!), (26)

where the function !r! = F(!Lq!), that describes the spher-
ical dynamics, was obtained below Eq.(11) and shown in
Fig. 1.

We can note that the profile (25) is also the mean con-
ditional profile of the linear density contast !Lq! , under the
constraint that is it equal to a given value !Lq at a given
radius q (e.g., Bernardeau 1994a). The reason why the non-
linear dynamics gives back this result is that the nonlinear
density contrast !r only depends on the linear density con-
trast !Lq at the associated Lagrangian radius q, through the
mapping !r = F(!Lq). Indeed, as long as shell-crossing does
not modify the mass enclosed within the shell of Lagrangian
coordinate q, its dynamics is independent of the motion of
inner and outer shells (thanks to Gauss theorem). Then, in
order to obtain the minimum of the action S we could pro-
ceed in two steps. First, for arbitrary Lagrangian radius q
and linear contrast !Lq, we minimize S with respect to the
profile !Lq! over q# != q. From the previous argument, only
the second Gaussian term in (23) varies so that this partial
minimization leads to the profile (25) (indeed, for Gaussian
integrals the saddle-point method is exact). Second, we
minimize over the Lagrangian radius q (or equivalently over
!L or !r), which leads to Eq.(29) below. Here we also use the
fact that a spherical saddle-point with respect to spherical
fluctuations is automatically a saddle-point with respect to
arbitrary non-spherical perturbations and it can be seen
that for small y one obtains a minimum (then we assume
that at finite y strong deviations from spherical symmetry
do not give rise to deeper minima, which seems natural from
physical expectations). We refer to Valageas (2002a,2009b)
for more detailed derivations.

Note that the shape of the linear profile (25) depends
on the shape of the linear power spectrum, whence on the
mass scale M of the saddle point for a curved CDM linear
power spectrum, but not on redshift. We show in Fig. 3 the
profile (25) obtained for several masses M . For a power-law

linear power spectrum, of slope n, Eq.(25) leads to !Lq! "
q#!(n+3) at large radii, q# # $. Then, since for a CDM
cosmology n increases at larger scales, the profile shows a
steeper fallo" at large radii for larger mass, in agreement
with Fig. 3 (in this section we consider a !CDM cosmology
with (#m0, #!0, "8, ns, h) = (0.27, 0.73, 0.79, 0.95, 0.7)).

Fig. 4. The Lagrangian map q# %# r# given by the spheri-
cal dynamics (neglecting shell-crossing) for the saddle-point
(25) with a nonlinear density contrast ! = 200 at the
Eulerian radius r. We plot the curves obtained at z = 0
for several masses, as in Fig. 3. Inner shells have already
gone once through the center (hence their dynamics is no
longer exactly given by Eq.(11)) but they have not crossed
the radius r yet.

We show in Fig. 4 the Lagrangian map, q# %# r#, given
by the spherical dynamics (i.e. the function F(!L) where
we neglect shell-crossing) for the saddle-point (25), with a
nonlinear density contrast ! = 200 at the Eulerian radius
r, at redshift z = 0. Inner shells have already gone once
through the center but they have not reached radius r yet.
Even though their dynamics is no longer exactly given by
Eq.(11), an exact computation would give the same prop-
erty as the increasing mass seen by these particles, as they
pass outer shells, should slow them down as compared with
the constant-mass dynamics. In agreement with Fig. 3, for
larger masses, which have a larger central linear density
contrast, shell-crossing has moved to larger radii (the local
maximum of r#/r, to the left of r# = 0, is higher).

From the Lagrangian map, q# %# r#, we define the nonlin-
ear density threshold, !+, as the nonlinear density contrast
!r reached within radius r at the time when inner shells
first cross this radius r. Then, up to !+, the mass within
the Lagrangian shell q has remained constant, so that the
saddle-point (25)-(26) is exact (this slightly underestimates
!+ as the expansion of inner shells should be somewhat
slowed down by the mass of the outer shells they have over-
taken). We show in Fig. 5 the dependence on redshift of this
threshold !+, for several masses. In agreement with Figs. 3,
4, this threshold is smaller for larger masses. It shows a
slight decrease at higher redshift as #m(z) grows to unity.
We can see that for massive clusters at z = 0, which have
a mass of order 1015h!1M", the density contrast ! & 200
should separate outer shells with radial accretion from inner
shells with a significant transverse velocity dispersion, built
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!+ as the expansion of inner shells should be somewhat
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slight decrease at higher redshift as #m(z) grows to unity.
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a mass of order 1015h!1M", the density contrast ! & 200
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Fig. 5. The nonlinear density contrast !+, beyond which
shell-crossing must be taken into account, as a function of
redshift for several mass scales.

by the radial-orbit instability that dominates the dynamics
after shell-crossing, see Valageas 2002b (in particular the
appendix A). This agrees with numerical simulations, see
for instance the lower panel of Fig.3 in Cuesta et al. (2008),
which show that rare massive clusters exhibit a strong ra-
dial infall pattern, with a low velocity dispersion, beyond
the virial radius (where !r ! 200), while inner radii show
a large velocity dispersion (even though we can distinguish
close to the virial radius the outward velocity associated
with the shells that have gone once through the center).
Small-mass halos do not show such a clear infall pattern
and the velocity dispersion is significant at all radii (e.g.,
upper panel of Fig.3 in Cuesta et al. 2008). This expresses
the fact that such halos, associated with typical events and
moderate density fluctuations, are no longer governed by
the spherical saddle-point (25). Indeed, at low mass and
small Lagrangian radius q, "q is no longer very small so
that the path integral (22) is no longer dominated by its
minimum and one must integrate over all typical initial
conditions, including large deviations from spherical sym-
metry.

Next, the amplitude !Lq and the minimum # are given
as functions of y by the implicit equations (Legendre trans-
form)

y = "$
d$

dG
and # = yG +

$2

2
, (27)

where the function $(G) is defined from the spherical dy-
namics through the parametric system (Valageas 2002a;
Bernardeau 1994b)

G = !r = F(!Lq) and $ = "!Lq
"r

"q
. (28)

The system (27) also reads as

# = min
G

!

yG +
$2(G)

2

"

. (29)

Note that the function $(G), whence the cumulant gener-
ating function #(y), depends on the shape of the linear
power spectrum through the ratio of linear power "r/"q at
Eulerian and Lagrangian scales r and q. Finally, from the

inverse Laplace transform (20), a second steepest-descent
integration over the variable y gives (Valageas 2002a)

"r # 0 : P(!r) ! e!!2/(2"2

r) = e!#2

Lq/(2"2

q). (30)

Thus, in the quasi-linear limit, the distributionP(!r) is gov-
erned at leading order by the Gaussian weight of the linear
fluctuation !Lq that is associated with the nonlinear density
contrast !r through the spherical dynamics. We can note
that Eq.(30) could also be obtained from a Lagrange multi-
plier method, without introducing the generating function
#(y). Indeed, in the rare-event limit, where P(!) is gov-
erned by a single (or a few) initial configuration, we may
write

rare events : P(!) ! max
{#L[q]|#r[#L]=#}

e!
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2
#L.C!1

L
.#L . (31)

That is, P(!) is governed by the maximum of the Gaussian

weight e!(#L.C!1

L
.#L)/2 subject to the constraint !r[!L] = !

(assuming there are no degenerate maxima). Then, we can
obtain this maximum by minimizing the action S[!L]/"2

r
of Eq.(23), where y plays the role of a Lagrange multi-
plier. This gives the saddle-point (25), and the amplitude
!Lq and the radius q are directly obtained from the con-
straint ! = F(!Lq), as in Eq.(26). Then, we do not need
the explicit expression of the Lagrange multiplier y, as this
is su!cient to obtain the last expression of the asymptotic
tail (30). Nevertheless, it is useful to introduce the generat-
ing function #(y), which makes it clear that the Lagrange
multiplier y is also the Laplace conjugate of the nonlinear
density contrast ! as in Eq.(19), since it is also of inter-
est by itself, as it yields the density cumulants through the
expansion (21).

The asymptotic (30) holds in the rare-event limit. This
corresponds to both the quasi-linear limit, "r # 0 at fixed
density contrast !r, and to the low-density limit, !r # 0
at fixed "r, as long as there is no shell-crossing. This lat-
ter requirement gives a lower boundary !!, for linear power
spectra with a slope n > "1, and an upper boundary !+, for
any linear spectrum (Valageas 2002b). This upper bound-
ary was shown in Fig. 5 for a "CDM cosmology, for several
masses.

Indeed, at large positive density contrast, shell-crossing
always occurs, as seen in Figs. 4-5. This invalidates the
mapping !L $# ! = F(!L) obtained from Eq.(11), as mass
is no longer conserved within the Lagrangian shell q, so
that the asymptotic behavior (30) is no longer exact. In
fact, as shown in Valageas (2002b), after shell-crossing it is
no longer su!cient to follow the spherical dynamics, even if
we take into account shell-crossing. Indeed, a strong radial-
orbit instability develops so that the sensitivity to initial
perturbations actually diverges when particles cross the
center of the halo. Then, the functional !r[!L(q)] is sin-
gular at such spherical states (i.e. it is discontinuous as
infinitesimal deviations from spherical symmetry lead to a
finite change of !r) and the path integral (22) is no longer
governed by spherical states that have a zero measure. As
noticed above, this also means that, in the limit of rare
massive halos, the nonlinear density threshold !+ separates
outer shells with a smooth radial flow from inner shells with
a significant transverse velocity dispersion. Thus, !+ marks
the virialization radius where isotropization of the veloc-
ity tensor becomes important, in agreement with numerical
simulations (e.g., Cuesta et al. 2008).

upper bound due

to shell-crossing
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TABLE 1
BEST FIT BARRIER MODEL PARAMETERS

Mass Definition ! " A b

! = 100 0.396 1.242 0.442 1.441
! = 200 0.411 0.809 0.487 1.506
! = 600 0.543 0.496 0.576 1.660
FOF 0.363 0.890 0.458 1.493
Rvir = 2R!=200 · · · · · · 0.409 1.348

FIG. 6A.— Smoothed linear overdensity #, extrapolated to z = 0, as a function of smoothing scale $(M) for regions that collapse to form! = 200 halos by
the present epoch (left panel). The circles correspond to the mean overdensities, while the errorbars indicate the halo-to-halo scatter. The error on the mean is
significantly smaller than the scatter in all cases. Shown for comparison is the spherical collapse barrier (#c, solid gray line). Solid red line shows a fit of the
functional form of the ellipsoidal collapse barrier to the simulation results, while the dashed green line shows a simple linear fit. The right panel shows excursion
set mass functions for each model barrier calculated using the method of Zhang & Hui (2006) with sharp k filter and compared with the spherical collapse (gray
line, right panel) and Tinker et al. (2008)! = 200 (blue line, right panel) mass functions.

differ from the mass function constructed from the simulated halo abundance. Figure 7 shows fsim(!c)/ ffit(!c), the ratio of the
first-crossing distribution fsim(!c) determined from the simulations to ffit(!c), the first-crossing distribution calculated using the
linear barrier model fits to the overdensity distribution, for each of the halo mass definitions considered in this paper (! = 100,
! = 200, and ! = 600 spherical overdensities, FOF halos, and halos with masses determined by the particle distribution within
a radius R = 2R200 of the halo center-of-mass). For the ! = 200 and ! = 600 halo definitions, Figure 7 shows the ratio of the
best fit analytical Tinker et al. (2008) and excursion set first-crossing distributions. For the other halo definitions, the binned first-
crossing distribution determined by the simulated halo mass function is divided by the excursion set first-crossing distribution
at the appropriate !c value. Uncertainty estimates for fsim(!c)/ ffit(!c) for these halo mass definitions (the error bars in Figure 7)
have the same fractional error as for the first-crossing distributions plotted in Figures 6c-6e. For each mass definition, fsim/ ffit
varies with the peak height !c and demonstrates that the disagreement between the simulated and excursion set first-crossing
distributions does not owe simply to their relative normalization.

Robertson et al. (2009)

Phase-space diagram of dark matter halosThe mass of dark matter haloes 5

Figure 3. Phase-space diagram for the particles in dark matter
haloes. The top panel represent a low-mass halo (Mvir = 2.9 !
1011h!1M") and the central panel displays a galactic-size halo
(Mvir = 1.4 ! 1012h!1M"), whereas the bottom panel shows
a cluster-size halo (Mvir = 1.3 ! 1015h!1M"). Clusters clearly
show strong infall pattern around the virial radius, whereas this
is not observed in smaller size haloes.

Figure 4. Mean radial velocity for three di!erent mass bins.
The profiles were obtained by averaging over hundreds of distinct
haloes on each mass bin. In dotted line is shown the selected
threshold delimiting the static region (5 per cent of the virial
velocity). Cluster-size haloes display a region with strong infall
(dashed line). On the contrary, low-mass haloes (solid line) and
galactic haloes (long-dashed line) do not show infall at all but a
small outflow preceding the Hubble flow.

This relation is shown in Figure 6. Solid circles represent
the Mstatic/Mvir ratio for the median profile built from all
distinct haloes, while open circles show the same ratio for
the median profile of isolated haloes. The isolation criteria
here is that the nearest neighbour of a halo is further than
three times the sum of the virial radii of both haloes. The
uncertainty on this relation is di!cult to estimate, as static
masses could not be obtained for individual haloes. Our ra-
dial velocity profiles are too noisy (because of infalling and
outflowing subhaloes) to distinguish the static region, and
hence we stacked these profiles in order to analyse them.
Thus, we calculate the halo-to-halo variation of this rela-
tion by measuring for each halo the mass inside the median
static radius. In this way we obtain the Mstatic/Mvir ratio
for isolated haloes, shown in this figure as dots. The distri-
bution of this ratio has a long tail to large values of this ratio
due to surrounding neighbours, which are inside the median
static radius. Again, these unrealistic values of Mstatic/Mvir

are due to the lack of a reliable determination of the static
mass for individual haloes. There are no large di"erences
between distinct and isolated haloes (except for those bins
with poor statistics), so we take the Mstatic/Mvir relation for
distinct haloes, as the isolation criteria reduces their number
drastically.

The dependence of this relation with the virial mass
is straightforward. The outflow in low-mass haloes is
less prominent with increasing mass, and hence the ratio
Mstatic/Mvir increases. A drop in this ratio occurs due to
the transition to infall around 5! 1012h!1M", and then it

2.9! 1011h!1M"
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Cuesta et al. (2008)

linear density contrast !L associated
with spherical regions of nonlinear
density contrast ! = 200



Mass function of collapsed halos
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Fig. 6. The mass function at redshift z = 0 of halos de-
fined by the nonlinear density contrast ! = 200. The points
are the fits to numerical simulations from Sheth & Tormen
(1999), Jenkins et al. (2001), Reed et al. (2003), Warren et
al. (2006) and Tinker et al. (2008). The dashed line (“!c”) is
the usual Press-Schechter mass function, while the solid line
that goes close to the Press-Schechter prediction at small
mass is the mass function (34) with the exact cuto! (32).
Here we have !L ! 1.59. The second solid line that agrees
with simulations over the whole range is the fit (36), that
obeys the same large-mass exponential cuto!.

tions are defined in slightly di!erent fashions, using ei-
ther a spherical-overdensity or friends-of-friends algorithm,
and density contrast thresholds that vary somewhat about
! = 200. However, they agree rather well, as the depen-
dence on ! is rather weak. This can be understood from
Fig. 1, which shows that around ! = 200 the linear density
contrast !L = F!1(!) has a very weak dependence on !.
We also plot the usual Press-Schechter prediction (dashed
line labeled !c), that amounts to replace !L by !c = 1.686 in
Eq.(34). We can see that using the exact value !L = F!1(!)
significantly improves the agreement with numerical simu-
lations at large masses. Note that there are no free param-
eters in Eq.(34). Of course, at small masses the mass func-
tion (34) closely follows the usual Press-Schechter predic-
tion and shows the same level of disagreement with numeri-
cal simulations. This is expected since only the exponential
cuto! (32) has been exactly derived from section 3. Since at
large masses the power-law prefactor 1/" in Eq.(34) is also
unlikely to be correct, as discussed above, we give a simple
fit that matches the numerical simulations from small to
large masses (solid line that runs through the simulation
points) while keeping the exact exponential cuto!:

f(") = 0.5
!

(0.6 #)2.5 + (0.62 #)0.5
"

e!!2/2, (36)

with

# =
!L

"
, !L = F!1(!) ! 1.59 for ! = 200, "m = 0.27(37)

At higher redshift or for other "m one simply needs to use
the relevant mapping F!1(!), shown in Fig. 2 or given by
the simple fit (12) for ! = 200. This mass function also

Fig. 7. The mass functions at z = 0 of halos defined by
the nonlinear density contrasts ! = 100 (upper panel) and
! = 300 (lower panel). The points show the numerical sim-
ulations of Tinker et al. (2008). The dashed line is the usual
Press-Schechter mass function, while the solid lines corre-
spond to Eqs.(34) and (36), with now !L = F!1(100) !
1.55 (upper panel) and !L = F!1(300) ! 1.61 (lower
panel).

satisfies the normalization (35), whatever the value of the
threshold !L.

Thus, we suggest that mass functions of virialized halos
should be defined with a fixed nonlinear density threshold,
such as ! = 200, and fits to numerical simulations should
use the exact exponential cuto! of Eq.(32), with the ap-
propriate linear density contrast !L = F!1(!), rather than
treating this as a free parameter. This would automatically
ensure that the large mass tail has the right form (up to sub-
leading terms such as power-law prefactors), as emphasized
by the reasonable agreement with simulations of Eq.(34) at
large masses. Moreover, it is best no to introduce unneces-
sary free parameters that become partly degenerate. Here
we must note that Barkana (2004) had already noticed that,
taking the spherical collapse at face value and defining ha-
los by a nonlinear threshold ! (he chose ! = 18$2), one
should use the linear threshold !L = F!1(!) for the Press-
Schechter mass function. Unfortunately, noticing that the
value of !L given by fits to numerical simulations was even
lower, he concluded that this was not su#cient to reconcile
theoretical predictions with numerical results. As shown by

fPS(!) =
!

2
"

! e!!2/2

f(!) = 0.5
!
(0.6 !)2.5 + (0.62 !)0.5

"
e!!2/2

Press-Schechter (1974) with
!L ! 1.59

fit normalized to unity

Sheth & Tormen (1999)
Jenkins et al. (2001)
Reed et al. (2003)
Warren et al. (2006)
Tinker et al. (2008)



Halo density profile
P. Valageas: Mass functions and bias of dark matter halos 9

Fig. 6, this is not the case, as the parameter !L used in
fitting formulae is partly degenerate with the exponents of
the power-law prefactors, so that it is possible to match
numerical simulations while satisfying the large-mass tail
(32). Of course, the actual justification of the asymptote
(32) is provided by the analysis of section 3, which shows
that below the upper bound !+ the spherical collapse is in-
deed relevant and asymptotically correct at large masses,
as it corresponds to the saddle-point of the action (23).

Note that the result (32) also implies that the mass
function f(") is not exactly universal, since the mapping
! !" !L = F!1(!) shows a (very) weak dependence on
cosmological parameters, see Fig. 2. Using the exact tail
(32) should also improve the robustness of the mass func-
tion with respect to changes of cosmological parameters and
redshifts.

Next, we compare in Fig. 7 the mass functions obtained
at z = 0 for the density thresholds ! = 100 and ! = 300
with the numerical simulations from Tinker et al. (2008),
who also considered these density thresholds. We show the
usual Press-Schechter mass function (dashed line) and the
results obtained from Eqs.(34) and (36) (solid lines), with
now !L = F!1(100) # 1.55 and !L = F!1(300) # 1.61.
We can see that the large mass tail remains consistent with
the simulations, but for the case ! = 100 it seems that the
shape of the mass function at low and intermediate masses
is modified and cannot be absorbed through the rescaling of
!L. It appears to follow Eq.(34) rather than the fit (36), but
this is likely to be a mere coincidence. We should note that
Fig. 5 shows that !+ < 300 for massive halos, so that shell-
crossing should be taken into account and the tail (32) is
no longer exact for ! = 300, although it should still provide
a reasonable approximation, as checked in Fig. 7. Thus,
even though Tinker et al. (2008) also studied higher density
thresholds, we do not consider such cases here as the tail
(32) no longer applies.

5. Halo density profile

As for the mass function n(M), the analysis of section 3
shows that the density profile of rare massive halos is given
by the spherical saddle-point (25), see also Barkana (2004)
and Prada et al. (2006). This holds for halos selected by
some nonlinear density threshold ! in the limit of rare
events, provided shell-crossing has not occurred beyond the
associated radius r. In particular, this only applies to the
outer part of the halo since in the inner part, at r" $ r,
shell-crossing must be taken into account. Then, as dis-
cussed in section 3, a strong radial-orbit instability comes
into play and modifies the profile in this inner region, as
deviations from spherical symmetry govern the dynamics
and the virialization process (Valageas 2002b).

We compare in Fig. 8 the nonlinear density profile ob-
tained from Eq.(25) with fits to numerical simulations.
We plot the overdensity within radius r", 1 + !r = #m(<
r")/#m, as a function of radius r. This is again obtained
from Eq.(25) with the mapping q"3 = (1 + !r!)r"3 and
!r! = F(!Lq!). Since this only applies to the limit of rare
events, we choose for each mass M a redshift z such that
"(M, z) = 0.5. Thus, smaller masses are associated with
higher redshifts. The results do not significantly depend on
the precise value of the criterium used to define rare events,
here "(M, z) = 0.5. The points in Fig. 8 are the results ob-

Fig. 8. The density profile of rare massive halos, for sev-
eral masses M . For each mass the redshift is such that
"(M, z) = 0.5, as the theoretical prediction from Eq.(25)
(solid line) only applies to rare events. The second branch
that appears at small radii is due to the shell-crossing, hence
the theoretical prediction only holds to the right of this
branch. The points are fits to numerical simulations, based
on an NFW profile (Dolag et al. 2004; Du!y et al. 2008) or
an Einasto profile (Du!y et al. 2008). Note that we show
the mean density within radius r", #m(< r")/#m, rather
than the local density at radius r", so that the NFW and
Einasto profiles are integrated once.

tained from a Navarro, Frenk & White profile (Navarro et
al. 1997, NFW),

#(r") =
#s

(r"/rs)(1 + r"/rs)2
, (38)

or an Einasto profile (Einasto 1965),

ln[#(r")/#!2] = %
2

$
[(r"/r!2)

! % 1] . (39)

For the NFW profile, the characteristic radius rs is ob-
tained from the concentration parameter, c(M, z) = r/rs,
where as in the previous sections r is the Eulerian ra-
dius where !r = 200 (i.e. r = r200). Then, we use in
Fig. 8 the two fits obtained in Dolag et al. (2004) and
Du!y et al. (2008) from numerical simulations, of the form
c(M, z) = a(M/M0)b(1+z)c. For the Einasto profile, we use
the fits obtained in Du!y et al. (2008) for the concentration
parameter, c(M, z) = r/r!2, and for the exponent $ (writ-
ten as a quadratic polynomial over % = !c/"(M, z) as in
Gao et al. (2008)). Then, we integrate over r" the profiles
(38)-(39), to obtain the overdensity profiles #m(< r")/#m
shown in Fig. 8 (as #m(< r") is the mean density within ra-
dius r" and not the local density at radius r" as in Eqs.(38)-
(39)).

overdensity within radius r 

Prada et al. (2006)
Betancort-Rijo et al. (2006)

Dolag et al. (2004)
Duffy et al. (2008)



Halo bias

For two Eulerian cells we again 
have in the limit of rare events

P(!r1 , !r2) ! e!
1
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As in Kaiser (1984), this leads 
to the approximation:

1 + !M1,M2(x) ! (1 + "M (x))
PL("L1, "L2)
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correlation of high peaks 
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Lagrangian to 
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Taking into account the displacements of halos:
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any external smoothing scale R and they depend on the
three linear correlations !2

0,0(r), !
2
q,0(r) and !2

q,q(r).
Finally, we must express the Lagrangian separation s

in terms of the Eulerian distance r. At lowest order we
again consider each halo as a test particle that falls into
the potential well built by the other halo (i.e. we neglect
backreaction e!ects). Then, from the analysis of section 3
and the linear profile (25), we know that a test particle at
Lagrangian distance q! from one halo has moved to position
r!, according to the mapping (26). Using Eq.(25) this gives
at first order

q! ! r!
!

1 +
"r!

3

"

! r!
!

1 +
"Lq!

3

"

, (56)

since at large distance we have "r! ! "Lq! " 1. Therefore,
we obtain the Lagrangian separation s as the solution of
the implicit equation

r = s

#

1 #
"L

3

!2
q1,s

!2
q1

#
"L

3

!2
q2,s

!2
q2

$

, (57)

where again we only kept the first-order term and we took
into account the displacements of both halos. Together with
Eq.(54), or Eq.(55), this defines our prediction for the bias
of massive collapsed halos. Note that this approach also
applies to the cross-correlation between di!erent redshifts.

At large separation, r $ %, and fixed mass (i.e. fixed
!q), we may linearize the bias (55) over !2(s) as

r $ % : b2
M (r) &

1

!2
0,0(r)

%

"L
!2

q,0(s)

!2
q

+ "2
L

!2
q,q(s)

!4
q

&

. (58)

For large masses, where !q " 1, but not too large, so that
the exponent in (55) is still small, this gives

r $ %, M $ % : bM (r) &
"L

!2
q

!q,q(s)

!0,0(r)
. (59)

Thus we recover the result of Kaiser (1984) and Mo
& White (1996), except for the multiplicative factor
!q,q(s)/!0,0(r). It expresses the facts that halos only probe
the linear density field smoothed over the Lagrangian scale
q (i.e. the formation of a halo does not depend on wave-
lengths much smaller than its radius) and that halos have
moved from distance s to r by their mutual gravitational
attraction. This factor yields a weak scale dependence for
b(M), as the slope of the linear power spectrum slowly
varies with scale r. We can also note that at lowest order
over !2(s) we may write the solution of Eq.(57) as

s = r

#

1 +
"L

3

!2
q1,r

!2
q1

+
"L

3

!2
q2,r

!2
q2

$

, (60)

which provides a simple explicit expression for s.
We compare in Figs. 9-11 the bias obtained from

Eqs. (55), (57), with fits to numerical simulations. We first
show in Fig. 9 our prediction as a function of halo mass, at
redshift z = 0 and distance r = 50h"1 Mpc. This is typi-
cally the scale that is considered in numerical simulations
to compute the large-scale bias, as b(r) is expected to be
almost constant at large scales (Kaiser 1984; Mo & White
1996), see also Eq.(59). We also plot the standard theoret-
ical prediction from Mo & White (1996) (dashed line). We

Fig. 9. The halo bias b(!), as a function of !(M), at redshift
z = 0 and distance r = 50h"1Mpc. The solid line is the
theoretical prediction (55)-(57), and the dashed line is the
bias obtained in Mo & White (1996). The points are the
fits to numerical simulations, from Sheth, Mo & Tormen
(2001) (crosses) and Pillepich (2009) (circles).

can see that our result (55)-(57) agrees rather well with
numerical simulations and the popular fit from Sheth, Mo
& Tormen (2001). As expected, it follows the trend of the
prediction from Mo & White (1996), since both derivations
follow the spirit of Kaiser (1984) (i.e. one identifies halos
from overdensities in the linear density field) and they agree
at large scale for rare massive halos, up to a factor of order
unity, as seen in Eq.(59). Note that Eqs. (55)-(57) only ap-
ply to the rare-event limit, as for small objects the approx-
imations used in the derivation no longer apply. In particu-
lar, halos can no longer be considered as spherical isolated
objects, and one should take into account merging e!ects.
Note that this caveat also applies to other analytical ap-
proaches, such as Kaiser (1984) and Mo & White (1996).
Then, our prediction should only be used for large masses,
for instance such that b > 1.

Next, we compare in Fig. 10 the dependence on r of the
bias (55)-(57) with the fit to numerical simulations from
Hamana et al. (2001) (using their cosmological parameters).
The crosses are the large-scale limit given by Sheth, Mo &
Tormen (2001) and we only plot our prediction (solid lines)
down to scale r = 2q, since it should only apply to large halo
separations. We can see that the scale-dependence that we
obtain is opposite to the one observed in the simulations.
However, both are very weak and the prediction (55)-(57)
may still lie within error bars of numerical results. For the
largest mass, M = 1015h"1M#, we also plot for illustration
the linearized bias (58) (lower dashed line), and the non-
linear bias (55) where we set s = r (upper dot-dashed line)
or we use Eq.(60) (lower dotted line). As expected, at very
large scales the linearized bias (58) agrees with the nonlin-
ear expression (55). Using the simpler Eq.(60) also gives the
same results at large scales, but the Lagrangian to Eulerian
mapping still gives a non-negligible correction as shown by
the upper dot-dashed line where we set s = r. In any case,
it is always best to use the full expression (55)-(57).

Halo bias b(M) as a function
of !(M)

Mo & White (1996) (dashed)
Sheth, Mo & Tormen (2001)
Pillepich et al. (2009)
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Fig. 10. The halo bias b(r), as a function of scale r, at
redshift z = 0 and for several masses. The solid line is the
theoretical prediction (55)-(57). The crosses show the large-
scale fit to numerical simulations from Sheth, Mo & Tormen
(2001), while the triangles show the fit from Hamana et al.
(2001). The dashed line is the linearized bias (58), the dot-
dashed line is the nonlinear bias (55) where we set s = r
while the dotted line uses Eq.(60) (for M = 1015h!1M" in
the three cases). We only plot our predictions for r ! 2q.

We compare in Fig. 11 our results at high redshift,
z = 10, with the fit to numerical simulations from Reed
et al. (2009) (using their cosmological parameters). Again,
the crosses are the large-scale limit of Sheth, Mo & Tormen
(2001) and we only plot our prediction (solid lines) down
to scale r = 2q. For M = 1011h!1M" we also plot the
linearized bias (58) (lower dashed line), and the nonlinear
bias (55) where we set s = r (upper dot-dashed line) or we
use Eq.(60) (dotted line). As noticed in Reed et al. (2009),
the scale-dependence is much steeper than the one found
at small redshifts and it is not consistent with the fits ob-
tained at low z in Hamana et al. (2001) or Diaferio et al.
(2003). This was interpreted as a breakdown of universal-
ity for massive halos at high redshift by Reed et al. (2009).
However, we can see that our prediction (55)-(57) agrees
reasonably well with their numerical results. Therefore, the
change of behavior of the bias b(r) between the two regimes
studied in Figs. 10 and 11 can be understood from the stan-
dard picture of massive halos arising from rare overdensities
in the initial (linear) Gaussian density field, by using the
same theoretical prediction (55)-(57) that applies to any z.
We can note that the linearized bias (58), or the approx-
imation s = r, show strong deviations in this regime and
disagree with the simulations. Therefore, one should use
the nonlinear bias (55)-(57) (but using Eq.(60) gives sim-
ilar results) and one cannot neglect the correction due to
the Lagrangian to Eulerian mapping that is associated with
s "# r.

On the other hand, the comparison with the result from
(58) shows that the steep dependence on scale is due to the
nonlinear term in (55), i.e. keeping the exponential factor.
Indeed, as noticed below Eq.(55), and in Politzer & Wise
(1984), the derivation of the bias presented above only as-

Fig. 11. The halo bias b(r), as a function of scale r, at
redshift z = 10 and for several masses. As in Fig. 10, the
solid line is the prediction (55)-(57), while the crosses show
the large-scale fit from Sheth, Mo & Tormen (2001), but
the squares now show the fit to numerical simulations from
Reed et al. (2009). The dashed line is the linearized bias
(58), the dot-dashed line is the nonlinear bias (55) where
we set s = r while the dotted line uses Eq.(60) (for M =
1011h!1M" in the three cases). Again we only plot our
predictions for r ! 2q.

Fig. 12. The ratio b2(M1, M2)/[b(M1)b(M2)], from
Eqs.(54) and (55), at fixed geometrical mean
M =

$
M1M2. Solid lines are for distance and red-

shift (r, z) = (50h!1Mpc, 0), whereas dashed lines are for
(r, z) = (3h!1Mpc, 10). Curves are labelled by their fixed
geometrical mean M .

sumes a large separation between very massive (rare) halos,
that is, !2

q,q(s) % !2
q and "L/!q & 1. Therefore, for su!-

ciently massive objects (that correspond to a large bias),
the variance !2

q can be small enough to make the expo-
nent in Eq.(55) of order unity or larger. Then, one needs to
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We compare in Fig. 11 our results at high redshift,
z = 10, with the fit to numerical simulations from Reed
et al. (2009) (using their cosmological parameters). Again,
the crosses are the large-scale limit of Sheth, Mo & Tormen
(2001) and we only plot our prediction (solid lines) down
to scale r = 2q. For M = 1011h!1M" we also plot the
linearized bias (58) (lower dashed line), and the nonlinear
bias (55) where we set s = r (upper dot-dashed line) or we
use Eq.(60) (dotted line). As noticed in Reed et al. (2009),
the scale-dependence is much steeper than the one found
at small redshifts and it is not consistent with the fits ob-
tained at low z in Hamana et al. (2001) or Diaferio et al.
(2003). This was interpreted as a breakdown of universal-
ity for massive halos at high redshift by Reed et al. (2009).
However, we can see that our prediction (55)-(57) agrees
reasonably well with their numerical results. Therefore, the
change of behavior of the bias b(r) between the two regimes
studied in Figs. 10 and 11 can be understood from the stan-
dard picture of massive halos arising from rare overdensities
in the initial (linear) Gaussian density field, by using the
same theoretical prediction (55)-(57) that applies to any z.
We can note that the linearized bias (58), or the approx-
imation s = r, show strong deviations in this regime and
disagree with the simulations. Therefore, one should use
the nonlinear bias (55)-(57) (but using Eq.(60) gives sim-
ilar results) and one cannot neglect the correction due to
the Lagrangian to Eulerian mapping that is associated with
s "# r.

On the other hand, the comparison with the result from
(58) shows that the steep dependence on scale is due to the
nonlinear term in (55), i.e. keeping the exponential factor.
Indeed, as noticed below Eq.(55), and in Politzer & Wise
(1984), the derivation of the bias presented above only as-

Fig. 11. The halo bias b(r), as a function of scale r, at
redshift z = 10 and for several masses. As in Fig. 10, the
solid line is the prediction (55)-(57), while the crosses show
the large-scale fit from Sheth, Mo & Tormen (2001), but
the squares now show the fit to numerical simulations from
Reed et al. (2009). The dashed line is the linearized bias
(58), the dot-dashed line is the nonlinear bias (55) where
we set s = r while the dotted line uses Eq.(60) (for M =
1011h!1M" in the three cases). Again we only plot our
predictions for r ! 2q.
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Non-Gaussian initial conditions

!̃L(k) = "̃(k) +
!

dk1dk2 !D(k1 + k2 ! k) f̃!
NL(k1,k2)"̃(k1)"̃(k2)

local type: f̃!
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!(k1)!(k2)
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Gaussian
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Valageas (2009b), this also gives the large-mass tail of the
halo mass function, if halos are defined as spherical over-
densities with a fixed nonlinear density threshold !r. Then,
the halo mass M and radius r are related to the Lagrangian
radius q and linear density threshold !Lq through

q3 = (1 + !r) r3, with !r = F(!Lq), (25)

and

M = "m
4#

3
q3, (26)

where the function F describes the spherical collapse dy-
namics. This holds as long as shell-crossing has not ex-
tended beyond radius r, so that the usual spherical col-
lapse dynamics at constant mass is valid. This yields an
upper bound !+ for the nonlinear density threshold that
can be used to define halos to take advantage of the exact
asymptotic tail (23). For the preferred !CDM model this
gives !+ ! 200 for M ! 1015h!1M" up to !+ ! 600 for
M ! 1011h!1M" (the dependence on mass is due to the
change of slope of the matter power spectrum PL(k)).

In the Gaussian case, the constrained weight (23) simply

reads as e!!2
Lq/(2"2

q), and we recover the exponential tail of
the usual Press-Schechter mass function (Press & Schechter
1974), except that the standard threshold !c " 1.686 must
be replaced by !L = F!1(!), with !L " 1.59 for ! = 200. In
the non-Gaussian case, that is for fNL #= 0, we can compute
the weight (23) by using a Lagrange multiplier $. Thus, we
define the action S[%, $],

S[%, $] = $ (!L $ !Lq[%]) +
1

2
%.C!1

L .% (27)

where !Lq[%] is the nonlinear functional that a"ects to the
initial condition defined by the Gaussian field % the linear
density contrast !Lq within the sphere of radius q, obtained
through Eq.(8). Then, we must look for the saddle-point of
the action (27), with respect to both % and $. Thus, dif-
ferentiating the action (27) with respect to %(q) and mul-
tiplying by the operator CL gives

%(q) = $CL(q,q#).
D!Lq

D%(q#)
, (28)

whence, using Eq.(8),

%(q) = $

!

V

dq#

V
CL(q,q#) + 2$

!

V

dq#

V

!

dq1dq2

% f !
NL(q#;q1,q2)CL(q,q2)%(q1). (29)

Di"erentiating the action (27) with respect to $ gives the
constraint

!L = !Lq[%], (30)

whence

!L =

!

V

dq

V

"

%(q) +

!

dq1dq2 f !
NL(q;q1,q2)%(q1)%(q2)

#

.

(31)

Next, we solve the system (29)-(31) as a perturbative series
over the non-Gaussianity kernel f !

NL (i.e. over powers of

the parameter fNL). At order zero we recover the Gaussian
saddle-point,

%(0)(q) = $(0)

!

V

dq#

V
CL(q,q#), (32)

$(0) =
!L

&2
q
. (33)

At first order we obtain

%(1)(q) = $(1)

!

V

dq#

V
CL(q,q#) + 2$(0)2

!

V

dq#dq#
1

V 2

%

!

dq1dq2 f !
NL(q#;q1,q2)CL(q,q2)CL(q1,q

#
1), (34)

$(1) = $3
!2
L

&6
q

fq;qq, (35)

where the quantity fq;qq is given by Eq.(18).

Fig. 1. The radial profile (36)-(37) of the linear density
contrast !Lq! of the saddle point of the action S[%, $]. We
show the profiles obtained with a !CDM cosmology for the
masses M = 1011 and 1015h!1M". A larger mass corre-
sponds to a lower ratio !Lq!/!Lq at large radii q#/q > 1. We
show our results for the Gaussian case (solid line), positive
fNL (dashed line) and negative fNL (dotted line), for the
local model (7).

From Equations (32)-(35) we also obtain the radial lin-
ear density profile of the saddle-point, up to first order,

!(0)
Lq! =

!L

&2
q

&2
q,q! , (36)

!(1)
Lq! =

!2
L

&4
q

$

fq!;qq + 2fq;qq! $ 3
&2

q,q!

&2
q

fq;qq

%

. (37)

We can check that at q# = q it verifies the constraint (30),
and at order zero we recover the Gaussian profile (Valageas
2009b). Equations (36)-(37) give the integrated density pro-
file, that is, !Lq! is the mean linear density contrast within
the Lagrangian radius q#. The local linear density contrast
at radius q#, !L(q#), is given by

3q#3!L(q#) =
'

'q#
(q#3!Lq!), (38)

saddle point with a profile 
close to the Gaussian one 
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Fig. 3. Same as Fig. 2 but with fLSS
NL = ±200.

the Press-Schechter mass function (44) (dashed line) or
with the fitting function (52) (solid line). In agreement
with Grossi et al. (2009), we find that the ratio (58) com-
puted with the Press-Schechter mass function, which also
corresponds to the result of Matarrese et al. (2000) (but
with !L ! 1.59 instead of 1.686 as explained above), agrees
reasonably well with simulations. Using the fitting func-
tion (52), or the simple multiplicative factor (55), yields
close results in this regime and also agrees with simula-
tions. However, using Eq.(58) with the fitting function (52)
appears to give a somewhat better agreement with simula-
tions, especially at low masses. This could be expected from
the fact that this procedure ensures that the mass function
is properly normalized (by contrast, the simple multiplica-
tive factor (55) is larger than unity and does not reproduce
the crossing of both mass functions for " " 1).

Next, we compare in Fig. 4 our results with numerical
simulations from Dalal et al. (2008). We again show the
ratio n(M, fNL)/n(M, 0) as a function of mass, but for a
larger primordial non-Gaussianity, fNL = ±500. For fNL =
500 (upper panel) we note as in Dalal et al. (2008) that the
prediction of (58) computed with the Press-Schechter mass
function (44) (i.e. the result of Matarrese et al. 2000 but
with !L ! 1.59) tends to overestimate the deviations from
the Gaussian case (and the simple multiplicative factor (55)
fares somewhat worse). However, using Eq.(58) with the
correct Gaussian mass function (52) decreases somewhat
this ratio (as in Figs. 2, 3) and provides a good agree-
ment with the simulations. For fNL = #500 (lower panel)
the match is not so good. However, in the latter case the
agreement might improve at higher masses, where there
are no data points but where the predictions (55) or (58)
are asymptotically exact. Moreover, we can note that the
discrepancy between theoretical predictions and numerical
simulations is of the same order as the deviation between
the di!erent theoretical curves. Since the latter share the

Fig. 4. Same as Fig. 2, but with fNL = 500 (upper panel)
and fNL = #500 (lower panel). The data points are the
results from the numerical simulations of Dalal et al. (2008).

same exact large-mass behavior (at the leading order given
by the exponential cuto! (44)), these deviations show the
sensitivity of the mass functions to the details of the theo-
retical prescriptions. Note that these power-law prefactors
have not been rigorously derived (and are expected not to
be exact, for all formulae used here). Therefore, the devia-
tion between these theoretical predictions gives an estimate
of the theoretical uncertainty for the ratio of the halo mass
functions. Then, taking into account this theoretical uncer-
tainty, we can see that the agreement with the numerical
results is still reasonable. For practical purposes, when one
tries to derive constraints on cosmology from observations
of halo mass functions, it would be useful to consider several
theoretical prescriptions in addition to the best prediction
(58)-(52), as in Figs. 2-Fig. 4, so as to take into account the
theoretical uncertainty in the analysis.

4. Bias of dark matter halos

4.1. Two-cells saddle-point and real-space bias

We now consider the bias of dark matter halos, or more pre-
cisely their two-point correlation function. As in Valageas
(2009b), following Kaiser (1984), since we identify rare mas-
sive halos with positive density fluctuations in the linear
density field, we first consider the bivariate probability dis-
tribution, PL(!L1, !L2), of the linear density contrasts !L1
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tries to derive constraints on cosmology from observations
of halo mass functions, it would be useful to consider several
theoretical prescriptions in addition to the best prediction
(58)-(52), as in Figs. 2-Fig. 4, so as to take into account the
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We now consider the bias of dark matter halos, or more pre-
cisely their two-point correlation function. As in Valageas
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and
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Then, the di"erence #! defined in Eq.(71), that measures
the correlation between rare events in the linear density
field, writes as
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We can check that #! vanishes for s " #, since all mixed
quantities, #2

12, f1;12 and f2;11, go to zero.
As stressed in Politzer & Wise (1984), real-space for-

mulae such as (72), which are obtained in the rare-event
("L/# $ 1) and large separation (#12 % #) limits, do not
assume that the exponent #! is small. In fact, as shown in
Valageas (2009b), at large redshift one can probe a regime
where this exponent is large, so that one needs to keep the
nonlinear form (72), which yields a nonlinear bias. As seen
from Eq.(81), this regime corresponds to very massive ha-
los, "L/# " #, at fixed (small) ratio #12/#. Nevertheless,
in the regime where #! is small (i.e. in the large separation
limit x " #), which covers the cases of interest encoun-
tered at low redshift, we can expand the exponential in
Eq.(72). Then, at lowest order over the terms that vanish
in the large separation limit, we obtain for equal-mass halos
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Hereafter we call the bias b2
M (x) obtained from Eq.(84) and

Eq.(76) as the “linearized” bias.
We can note that, following the approach of Kaiser

(1984), Matarrese & Verde (2008) also computed the e"ect
of local-type non-Gaussianity (1) on the halo two-point cor-
relation. Drawing on earlier work by Matarrese et al. (1986),
who compute the n-point halo correlations by expanding
the relevant path-integrals and next resumming the series
within a large-distance and rare-event approximation, they
obtain expressions of the form (72), without the prefactor
(1 + "LM ), and (84), without the terms in the first line,

that arise from this prefactor, and the last term f1;11 in
the second bracket. This latter term arises from the factor
#2

12 in the denominator of expression (80), associated with
the e"ect of primordial non-Gaussianity on the one-point
distribution (43). It can be seen as a renormalization of the
Gaussian term ("2

L/#4
q)#2

q,q(s), since it shows the same scale
dependence through the function #2

q,q(s). The presence of
such a term was already noticed in Slosar et al. (2008) in
Fourier space, and Desjacques et al. (2009) pointed out that
it needs to be included to obtain a good agreement with nu-
merical simulations. This will give rise to the last term in
Eq.(85) and the second term in Eqs.(91) and (93) below.
On the other hand, the terms in the first line of Eq.(84),
associated with the prefactor (1+ "LM) in Eq.(72), are due
to the mapping from Lagrangian to Eulerian space, and
the first bracket in Eq.(84) expresses the (small) e"ect of
primordial non-Gaussianity on this mapping. Another dif-
ference between Eqs.(72) and (84) and previous works is
that (within some approximation) we take into account the
di"erence between Lagrangian and Eulerian distances s and
x. This can play a non-negligible role as seen in Fig. 5 be-
low.

Fig. 5. The halo bias bM (x), as a function of #(M), at fixed
redshift z = 0 and distance x = 50h!1Mpc. The solid lines
“b” are the nonlinear theoretical prediction of Eqs.(72), (73)
and (76), for fNL = ±200 and fNL = 0 (i.e. Gaussian case,
intermediate line), while the dot-dashed lines ”bL” are the
linearized bias of Eq.(84). The upper dashed line “s = x”
shows the result obtained in the Gaussian case by setting
s = x in Eq.(72). The points are the fits to Gaussian numer-
ical simulations, from Sheth, Mo & Tormen (2001) (crosses)
and Pillepich (2009) (circles).

We show in Fig. 5 the halo bias bM (x), as a function
of #(M) at fixed distance x = 50h!1 Mpc and redshift
z = 0, for fNL = ±200 and fNL = 0. We display both the
nonlinear result (solid line) of Eq.(72) and the linear result
(dot-dashed line) of Eq.(84). In addition, for the Gaussian
case we also display the bias obtained by setting s = x
in Eq.(72). As in Valageas (2009b), for the Gaussian case
(fNL = 0) we obtain a good agreement with the fits to
numerical simulations of Sheth, Mo & Tormen (2001) and
Pillepich (2009). Moreover, we can see that it is important
to take into account the displacement of the halos through

1 + !M1,M2(x) ! (1 + "M (x)) e!!"

PL(!L1, !L2) ! PL(!L1)PL(!L2) e!!" whence
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Fig. 6. The halo bias bM (x) as a function of distance x, at
redshifts z = 0 (upper panel) and z = 1 (lower panel), for
several masses. We show the cases fNL = 0 (solid lines),
fNL = 100 (dashed lines) and fNL = !100 (dotted lines).
The divergences at x " 120h!1Mpc are due to the fact that
the halo and matter correlations do not change sign at the
same distance.

Eq.(73), as the approximation s = x significantly overesti-
mates the bias. We checked that using the simpler Eq.(74)
gives a close result to the one obtained with Eq.(73) and
also agrees with the simulations. Thus, for practical pur-
poses it is su!cient to use Eq.(74). We can see that for
all cases shown in Fig. 5 the linear bias from Eq.(84) gives
results that are very close to the fully nonlinear expression
(72). This justifies the use of such linearized expressions
in this regime. This will be especially useful in section 4.2,
where we consider the bias of dark matter halos in Fourier
space. Indeed, it is easier to take the Fourier transform
of Eq.(84), which allows to recover the results obtained in
previous works. Thus, one interest of the real-space results
(72)-(84) is to provide a check on whether linearized pre-
dictions (i.e. where the halo correlation only involves the
matter power spectrum at linear order) are valid. Then, in
agreement with those studies (that were mostly performed
in Fourier space and led to Eq.(2), see Dalal et al. 2008;
Slosar et al. 2008), and with Eq.(84), we can see that the
deviation from the Gaussian bias, bM (x, fNL) ! bM (x, 0),

Fig. 7. The real-space ratio ["bM (x, fNL)/bM (x, 0)]/x2
50 of

the correction "bM (x, fNL) = bM (x, fNL) ! bM (x, 0) to
the Gaussian bias bM (x, 0), divided by the factor x2

50 with
x50 = x/(50h!1Mpc), as a function of distance x. We show
the cases fNL = 100 (upper lines) and fNL = !100 (lower
lines) for several masses at redshifts z = 0 (upper panel)
and z = 1 (lower panel), from Eq.(72). Larger masses have
a steeper slope at low x.

grows linearly with bM (x, 0) at large bias and has the same
sign as fNL.

Next, we display in Fig. 6 the dependence on the dis-
tance x of the bias obtained for several masses at red-
shifts z = 0 and z = 1. More precisely, we show the ra-
tio

!

|!M (x)/!(x)|, since the halo and matter correlations
do not change sign at the same point. We plot the cases
fNL = ±100 as well as the Gaussian case fNL = 0. While
the Gaussian bias is roughly constant over large scales,
up to " 100h!1Mpc, in agreement with previous studies
(e.g., Mo & White 1996; Mo et al. 1997), the non-Gaussian
bias shows a strong scale dependence, with a deviation
from the Gaussian bias that roughly grows as x2 up to
" 100h!1Mpc. This agrees with the k!2 behavior observed
in Fourier space, see Eq.(2) above (Dalal et al. 2008; Slosar
et al. 2008) and Eq.(93) below.

In order to see more clearly the scaling of the real-
space correction "bM (x, fNL) = bM (x, fNL) ! bM (x, 0)
to the Gaussian bias, we show in Fig. 7 the ratio
["bM (x, fNL)/bM (x, 0)]/x2

50, with x50 = x/(50h!1Mpc).
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space. Indeed, it is easier to take the Fourier transform
of Eq.(84), which allows to recover the results obtained in
previous works. Thus, one interest of the real-space results
(72)-(84) is to provide a check on whether linearized pre-
dictions (i.e. where the halo correlation only involves the
matter power spectrum at linear order) are valid. Then, in
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grows linearly with bM (x, 0) at large bias and has the same
sign as fNL.

Next, we display in Fig. 6 the dependence on the dis-
tance x of the bias obtained for several masses at red-
shifts z = 0 and z = 1. More precisely, we show the ra-
tio
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the Gaussian bias is roughly constant over large scales,
up to " 100h!1Mpc, in agreement with previous studies
(e.g., Mo & White 1996; Mo et al. 1997), the non-Gaussian
bias shows a strong scale dependence, with a deviation
from the Gaussian bias that roughly grows as x2 up to
" 100h!1Mpc. This agrees with the k!2 behavior observed
in Fourier space, see Eq.(2) above (Dalal et al. 2008; Slosar
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In order to see more clearly the scaling of the real-
space correction "bM (x, fNL) = bM (x, fNL) ! bM (x, 0)
to the Gaussian bias, we show in Fig. 7 the ratio
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deviation from Gaussian bias,
!bM = bM (fNL)! bM (fNL = 0),
scaled by x2b(fNL = 0)
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Fig. 8. The halo (fNL = 0,±100) and matter (!) two-point
correlations at redshifts z = 0 (upper panel) and z = 1
(lower panel). We show the curves obtained for the masses
M = 1013 and 1014h!1M".

We display the results obtained from Eq.(72) for several
masses at z = 0 (upper panel) and z = 1 (lower panel),
for fNL = ±100. We can see that over the range 30 < x <
90h!1Mpc all curves roughly collapse onto one another.
This means that over this range the real-space correction
roughly scales as !bM (x) ! fNLbM (x, 0)x2, which roughly
agrees with the Fourier-space scaling (2) (here we neglected
any constant o"set, such as the factor "1 in Eq.(2), see the
discussion of Eq.(94) below). In fact, it appears that our
predictions scale more closely as x2, as shown in Fig. 7,
than as "(1/x)!1, that would be suggested by Eqs.(2), (93)
(at these scales the transfer function already deviates from
unity). This agrees with the behavior observed in Fourier
space in Fig. 11 below. Note that the masses shown in Fig. 7
span the range 1.2 < bM (x, 0) < 5.9 at x = 50h!1Mpc and
z = 0, and 2.4 < bM (x, 0) < 15.4 at z = 1, so that the
linear scaling with bM (x, 0) of the correction !bM (x, fNL)
appears to be a good approximation.

Below 30h!1Mpc large masses show a steeper scale de-
pendence for !bM (x, fNL). At very large distance, x >
100h!1Mpc, the oscillations seen in Figs. 6 and 7 are due
to the baryon acoustic oscillation. Indeed, since the halo
correlation is not exactly proportional to #2

0,0(x), even in
the Gaussian case and in the linear regime (for instance it

involves the smoothing scale q, see Eq.(84)), the baryon os-
cillations seen in the halo and matter two-point correlations
are not exactly proportional. This yields the non-monotonic
behavior seen in Figs. 6 and 7 around 100h!1Mpc. For the
same reason, the halo and matter correlations do not ex-
actly vanish at the same distance, which gives rise to the
divergent spike at # 120h!1 Mpc. These features simply
mean that at these scales it is no longer useful to work
with the bias bM , which only makes sense if the halo and
matter correlations are roughly proportional. In this range,
where the correlations show some oscillations and change
sign it is no longer a good approximation to write the halo
correlation in terms of the matter correlation multiplied by
some slowly varying bias factor. Then, one rather needs to
directly study the halo and matter correlations themselves.

Thus, we compare in Fig. 8 the halo and matter two-
point correlations. We focus on large scales to see how the
baryon acoustic oscillation is modified when one uses mas-
sive halos as a tracer of the initial matter power spectrum.
In agreement with previous works (Desjacques 2008) we
can see that the oscillation is strongly amplified for massive
halos that have a large bias. This amplification still holds
for significant primordial non-Gaussianity (fNL = ±100),
although it appears to be slightly lower for positive fNL.
Moreover, the peak of the oscillation shows no significant
shift, so that a measure of its position appears to be a robust
ruler to constrain cosmology, independently of the halo bias
and of the primordial non-Gaussianity. By contrast, we can
note that the distance at which the two-point correlation
changes sign is not significantly modified as one goes from
the matter to the halo correlation in the Gaussian case,
but it is rather sensitive to the primordial non-Gaussianity.
In particular, a positive fNL shifts this point to a larger
distance. However, theoretical and observational error bars
may be too large to use this e"ect to constrain fNL in a
competitive manner as compared with other probes.

4.2. Fourier-space bias

Rather than the real-space two-point correlation, recent
works have mostly studied the e"ect of primordial non-
Gaussianity on the halo power spectrum, where at lowest
order the Poisson equation (3) directly gives an estimate of
the form (2) for the deviation from the bias obtained with
Gaussian initial conditions (Dalal et al. 2008; Slosar et al.
2008).

It is not convenient to take the Fourier transform of
the nonlinear correlation (72), but at moderate redshifts we
have seen that the linearized form (84) provides a very good
approximation. Then, if we also make the approximation
s $ x, which is valid at lowest order, the Fourier transform
of Eq.(84) readily gives the halo power spectrum as
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where the quantities f̃ are obtained from Eqs.(21)-(22). As
discussed below Eq.(84), the terms f̃2;11(k) and 2f̃1;12(k)
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where the correlations show some oscillations and change
sign it is no longer a good approximation to write the halo
correlation in terms of the matter correlation multiplied by
some slowly varying bias factor. Then, one rather needs to
directly study the halo and matter correlations themselves.

Thus, we compare in Fig. 8 the halo and matter two-
point correlations. We focus on large scales to see how the
baryon acoustic oscillation is modified when one uses mas-
sive halos as a tracer of the initial matter power spectrum.
In agreement with previous works (Desjacques 2008) we
can see that the oscillation is strongly amplified for massive
halos that have a large bias. This amplification still holds
for significant primordial non-Gaussianity (fNL = ±100),
although it appears to be slightly lower for positive fNL.
Moreover, the peak of the oscillation shows no significant
shift, so that a measure of its position appears to be a robust
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and of the primordial non-Gaussianity. By contrast, we can
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changes sign is not significantly modified as one goes from
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but it is rather sensitive to the primordial non-Gaussianity.
In particular, a positive fNL shifts this point to a larger
distance. However, theoretical and observational error bars
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competitive manner as compared with other probes.
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Gaussianity on the halo power spectrum, where at lowest
order the Poisson equation (3) directly gives an estimate of
the form (2) for the deviation from the bias obtained with
Gaussian initial conditions (Dalal et al. 2008; Slosar et al.
2008).
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where the quantities f̃ are obtained from Eqs.(21)-(22). As
discussed below Eq.(84), the terms f̃2;11(k) and 2f̃1;12(k)
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Fig. 10. Same as Fig. 9, but for M = 1.5!1013h!1M". The
data points are the numerical simulations of Desjacques et
al. (2009), for 1013 < M < 2 ! 1013h!1M".

the second term gives a scale-independent correction to the
Gaussian bias. The presence of such a term was already no-
ticed in Slosar et al. (2008) and Afshordi & Tolley (2009).
As stressed in Desjacques et al. (2009), taking this term
into account is required to obtain a good match to numer-
ical simulations. We checked that this is indeed the case to
match the numerical results in Figs. 9 and 10 below using
Eq.(85). The last two terms depend on the wavenumber k.
There is an additional term, that we neglect in this paper,
that arises from the dependence of the matter power spec-
trum on fNL (i.e. the denominator in Eq.(86)). However,
since this term is much smaller than the other ones we dis-
regard it here (see Desjacques et al. 2009). For the local
non-Gaussianity (7), we have from Eqs.(21)-(22),
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which yields from Eq.(91)
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Thus, we recover the k!2 dependence at low k brought
by the local-type non-Gaussianity (1), through the 1/!(k)
factor in the last term. The second term in Eq.(93) is the
constant shift due to the non-Gaussianity noticed above.

We compare in Figs. 9 and 10 our results for the
Fourier-space bias b2

M (k) with numerical simulations from
Desjacques et al. (2009). Since the dependence on mass
is rather weak, we show in Fig. 9 our results for M =
2 ! 1013h!1M", whereas the data points are for M >

2 ! 1013h!1M", and we show in Fig. 10 our results for
M = 1.5 ! 1013h!1M", whereas the data points are for
1013 < M < 2 ! 1013h!1M". The predictions (85) (solid
lines) and (87) (dashed lines) are almost indistinguishable
in this regime and agree reasonably well with the simula-
tions, except at low k for fNL = $100 where they give a
negative halo power spectrum. The dot-dashed line, which
corresponds to Eq.(89), gives a much better fit to simu-
lations at low k for negative fNL, as could be expected
from the fact that it always gives a positive halo power
spectrum. However, a priori one should not give too much
weight to this improved accuracy in this regime. Indeed, as
is clear from Eqs.(88)-(89), the solid and dot-dashed curves
in Figs. 9-10 only di!er by terms of order f2

NL and beyond.
Since all our results have been derived at linear order over
fNL one can expect that Eq.(89) does not include all terms
of order f2

NL. Then, although for practical purposes it is
better to use Eq.(89) in this regime (i.e. negative fNL at
low k) it is still useful to also consider Eq.(85), as the de-
viation between both predictions should give an estimate
of the theoretical uncertainty. Let us point out here that,
in contrast with some previous approaches (e.g., Grossi et
al. 2009; Desjacques et al. 2009), the good agreement with
numerical simulations shown in Figs. 9 and 10 is obtained
from Eq.(85) without any fitting parameter (such as the
rescaling parameter q in Grossi et al. (2009) or the mass
function parameters in Desjacques et al. (2009)).

Fig. 11. The Fourier-space ratio
"bM (k, fNL)/"0bM (k, fNL) of the correction
"bM (k, fNL) = bM (k, fNL)$ bM (k, 0) to the Gaussian bias
bM (k, 0), divided by the scaling factor "0bM defined in
Eq.(94), as a function of wavenumber k. We show the case
fNL = 100 for several masses, M = 1013 (blue), 1014 (red)
and 1015h!1M" (green), at redshifts z = 0 (left panel)
and z = 1 (right panel). The curves labelled “s = x”,
“s > x” and “PM > 0” correspond to Eqs.(85), (87) and
(89) respectively.

As in Fig. 7, in order to see more clearly the scaling of
the correction "bM (k, fNL) = bM (k, fNL)$ bM (k, 0) to the
Fourier-space Gaussian bias, we show in Fig. 11 the ratio
"bM (k, fNL)/"0bM (k, fNL), where we now define

"0bM (k, fNL) = fNL bM (k, 0)
2#L

!(k)
. (94)

The correction obtained from a simple peak-background
split argument rather gives "bM (k, fNL) = fNL[bM (k, 0) $
1](2#L/!(k)), as in Eq.(2), see Dalal et al. (2008); Slosar

P. Valageas: Mass function and bias of dark matter halos for non-Gaussian initial conditions 13

Fig. 10. Same as Fig. 9, but for M = 1.5!1013h!1M". The
data points are the numerical simulations of Desjacques et
al. (2009), for 1013 < M < 2 ! 1013h!1M".

the second term gives a scale-independent correction to the
Gaussian bias. The presence of such a term was already no-
ticed in Slosar et al. (2008) and Afshordi & Tolley (2009).
As stressed in Desjacques et al. (2009), taking this term
into account is required to obtain a good match to numer-
ical simulations. We checked that this is indeed the case to
match the numerical results in Figs. 9 and 10 below using
Eq.(85). The last two terms depend on the wavenumber k.
There is an additional term, that we neglect in this paper,
that arises from the dependence of the matter power spec-
trum on fNL (i.e. the denominator in Eq.(86)). However,
since this term is much smaller than the other ones we dis-
regard it here (see Desjacques et al. 2009). For the local
non-Gaussianity (7), we have from Eqs.(21)-(22),

k " 0 : f̃2;11(k) # fNL !(k)

!

dk1 PL(k1)
2 W̃ (k1q)2

!(k1)2
,

f̃1;12(k) # fNL
"2

q PL(k)

!(k)
, (92)

which yields from Eq.(91)

"q " 0, k " 0 : bM (k) #
#L

"2
q

$3
#2
L

"6
q

f1;11+fNL
2#2

L

"2
q!(k)

.(93)

Thus, we recover the k!2 dependence at low k brought
by the local-type non-Gaussianity (1), through the 1/!(k)
factor in the last term. The second term in Eq.(93) is the
constant shift due to the non-Gaussianity noticed above.

We compare in Figs. 9 and 10 our results for the
Fourier-space bias b2

M (k) with numerical simulations from
Desjacques et al. (2009). Since the dependence on mass
is rather weak, we show in Fig. 9 our results for M =
2 ! 1013h!1M", whereas the data points are for M >

2 ! 1013h!1M", and we show in Fig. 10 our results for
M = 1.5 ! 1013h!1M", whereas the data points are for
1013 < M < 2 ! 1013h!1M". The predictions (85) (solid
lines) and (87) (dashed lines) are almost indistinguishable
in this regime and agree reasonably well with the simula-
tions, except at low k for fNL = $100 where they give a
negative halo power spectrum. The dot-dashed line, which
corresponds to Eq.(89), gives a much better fit to simu-
lations at low k for negative fNL, as could be expected
from the fact that it always gives a positive halo power
spectrum. However, a priori one should not give too much
weight to this improved accuracy in this regime. Indeed, as
is clear from Eqs.(88)-(89), the solid and dot-dashed curves
in Figs. 9-10 only di!er by terms of order f2

NL and beyond.
Since all our results have been derived at linear order over
fNL one can expect that Eq.(89) does not include all terms
of order f2

NL. Then, although for practical purposes it is
better to use Eq.(89) in this regime (i.e. negative fNL at
low k) it is still useful to also consider Eq.(85), as the de-
viation between both predictions should give an estimate
of the theoretical uncertainty. Let us point out here that,
in contrast with some previous approaches (e.g., Grossi et
al. 2009; Desjacques et al. 2009), the good agreement with
numerical simulations shown in Figs. 9 and 10 is obtained
from Eq.(85) without any fitting parameter (such as the
rescaling parameter q in Grossi et al. (2009) or the mass
function parameters in Desjacques et al. (2009)).

Fig. 11. The Fourier-space ratio
"bM (k, fNL)/"0bM (k, fNL) of the correction
"bM (k, fNL) = bM (k, fNL)$ bM (k, 0) to the Gaussian bias
bM (k, 0), divided by the scaling factor "0bM defined in
Eq.(94), as a function of wavenumber k. We show the case
fNL = 100 for several masses, M = 1013 (blue), 1014 (red)
and 1015h!1M" (green), at redshifts z = 0 (left panel)
and z = 1 (right panel). The curves labelled “s = x”,
“s > x” and “PM > 0” correspond to Eqs.(85), (87) and
(89) respectively.

As in Fig. 7, in order to see more clearly the scaling of
the correction "bM (k, fNL) = bM (k, fNL)$ bM (k, 0) to the
Fourier-space Gaussian bias, we show in Fig. 11 the ratio
"bM (k, fNL)/"0bM (k, fNL), where we now define

"0bM (k, fNL) = fNL bM (k, 0)
2#L

!(k)
. (94)

The correction obtained from a simple peak-background
split argument rather gives "bM (k, fNL) = fNL[bM (k, 0) $
1](2#L/!(k)), as in Eq.(2), see Dalal et al. (2008); Slosar

Ratio of non-Gaussian to Gaussian halo power spectra

Dalal et al. (2008)
Slosar et al. (2008)
Desjacques et al. (2009)

Desjacques et al. (2009)



12 P. Valageas: Mass function and bias of dark matter halos for non-Gaussian initial conditions

in Eq.(85) were already obtained by Matarrese & Verde
(2008), following also Kaiser (1984) by identifying mas-
sive halos with rare fluctuations in the linear density field.
Defining the Fourier-space bias as (note that this is not the
Fourier transform of the real-space bias (75))

b2
M (k) =

PM (k)

P (k)
!

PM (k)

PL(k)
, (86)

where we used P (k) ! PL(k) at low k for the matter power
spectrum, we obtain b2

M (k) from Eq.(85). We can also ob-
tain the bias of di!erent-mass halos in a similar fashion,
first expanding Eq.(72) and next taking the Fourier trans-
form. In order to take into account the displacement of the
halos (i.e. x "= s), we can also make the approximation

PM (k) #
!x

s

"3
PM

!x

s
k
"

, with x =
1

k
, (87)

where we use the explicit expression (74) for s(x). This
expresses the fact that because of the displacement of mas-
sive halos, which usually have come closer because of their
mutual attraction (x < s), Lagrangian-space wavelengths
$ s (i.e. measured in the linear density field) correspond
to smaller Eulerian-space wavelengths $ x (i.e. measured
in the nonlinear density field). This also follows the spirit
of the Hamilton et al. (1991) ansatz, translated in Fourier
space in Peacock & Dodds (1996).

We can note that for large negative fNL the halo power
spectrum (85) can become negative. This is due to the fact
that we looked for an expression of the halo correlation,
or of the halo power spectrum, at linear order over fNL

as in Eq.(85). However, by definition the power spectrum
PM (k) must be positive. Then, in cases where the expres-
sion (85) turns negative one should consider higher-order
terms over fNL, which would ensure that the power spec-
trum remains positive. Nevertheless, since such high-order
terms are beyond the scope of this article, we consider below
the following simple procedure that ensures that PM (k), or
the squared bias b2

M (k), remain positive. Up to linear order
over fNL, the bias (86) reads as

bM (k, fNL) =
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, (88)

where "PM (k, fNL) = PM (k, fNL) % PM (k, 0) is the devi-
ation from the Gaussian halo power spectrum and we ex-
panded the square-root. Then, we may use the last expres-
sion (88) as the prediction for the halo bias. This amounts
to make the transformation
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M (k, 0)

&
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b2
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M (k, 0)
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where the two sides only di!er by higher-order terms over
fNL (as 1 + ! ! (1 + !/2)2 up to linear order over !) and
the right side is always positive.

If we take the limit of very rare events, that is "q # 0
in Eq.(85), we can only keep the last two terms (note that
f̃ & "2

q , see Eq.(92) below),
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&

#2
L

"4
q
% 6

#3
L f1;11

"8
q

'

Fig. 9. The correction to the halo power spectrum
due to primordial non-Gaussianity. We show the ratio
PM (k, fNL)/PM (k, 0)%1 for fNL = 100 (upper curves) and
fNL = %100 (lower curves). The solid and dashed curves
that are almost indistinguishable are Eqs.(85) and (87).
The dot-dashed curves, that are above the solid curves at
low k, correspond to Eq.(89) which ensures that the halo
power spectrum is always positive. The theoretical predic-
tions are for M = 2 ' 1013h!1M" and the data points are
the numerical simulations of Desjacques et al. (2009), for
M > 2 ' 1013h!1M".
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At low k, with W̃ (kq) ! 1, and at linear order over fNL,
the square root of Eq.(86) gives with Eq.(90) the bias
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The first term, #L/"2
q , is the result obtained by Kaiser

(1984) for rare massive halos (i.e. with a large bias) for
Gaussian initial conditions. It is interesting to note that
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Conclusion

- Upper bound associated with shell-crossing

- Large-mass exponential cutoff of the mass function 

- Bias of halos without free parameter, taking 
into account halo displacement

- This method also applies to
non-Gaussian initial conditions

! = ! +
k!

i=2

fi

"
!i ! "!i#

#

- Large-mass tail of the mass function

- Halo correlation and power spectrum, without free 
parameters

!b(x) ! x2b !b(k) ! fNL

!
1 +

1
k2

"
b(k)


